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THE LATERAL STABILITy OF EQUAL-FLANGED ALUMINUM-ALLOY

I-ZK!AMS SUBJECTED TO PURE BENDING

By C. Dumont an& H. N. Hill .

SUMMARY ——— .;--

Equal-flanged beams of a special extruded I-section
Of 27S!i!aluminum alloy mere tested in pureben~ing.. coln-
plete end fixity was not attained.

..—.
Loading was continued

until a definite maximu value had been reached. Tensile
tests were made on specimens cut from the flanges and the
we% of each beam. Compressive stress-strain &harE~er~-
tics were determined by pack compression tests on 8pf3Ci=
mens cut from the flanges.

..

+.

Values computed from an equat’ion previous~y ~u_~~e8ted - - ‘
by on’s of the authors for tho critical stress at which-”

..——
u

such beams become unsta-ole mere found to be in good. agree-
ment with value.e conputed fron experimentally determined
critical %ending nonents.

—

INTRODUCTION -.._

,,. —

Under” cortaia conditions of loading arid restraint,
sidewise buckling of beans occurs in nuch the sane way
that colunn failures occur in menbers subjected to direc~
compression. The probloc of lateral ‘instability of I-u
beans kvirx flan.qes of equal width has be-e-nsoltiea-tiy=- “’--– ‘“-”
Dr. Tinoshenko, who has deri,ved (refer’ence”s’1 and 2-) ex- ‘-

——

Pressions for the critical bending monent for various con-
ditions of loading and restraint. Tinoshenkols qeneral-– ‘-
solution of lateral buckltng of I-beans has been extended

——

to coVer bu:ckling at stresses beyond-the elastic rang8---
the solution” has been simplified and’ presentedin such a
form as can be easily applied by the designing en~ineerb

—

(See reference 3: ] Many tests have teen made in which’=
beams failed by lateral buckling. In mbst of these t“”e’sts,-

—

however, exact conditions of restraint were not known and,
consequently, no satisfactory correlation ‘could be ‘obtairied
between the test results and theoretical solutions.

——.
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In a previous report (reference 4) the results of
tests to study the late,re,liti~%ab”ility of unequal-flanged
I-beams, such as used in deck-house construction, were
presented, The results of those tests were. in fair, aqree-=
ment with tho theoretical resu’lts for fix”ed-end beams, but
thero was some evidence that under the test conditions the
ends of the beams were “gomethin~ less than completely
fixed. Furthermore, because of the unequal-flange widths
it was impossible to make”a satisfactory study of the lat-
eral buckling in the plastic range and because of this, it
was decided to make similar tests using a somewhat lighter
equal-flanged I-section. It was believed that a greater
do~ree of end fixity could he achieved with these lighter-
sections. and, furthermore, that in those cases in which
buckling occurred abovo. the proportional limit of the ma-
terial, it would be possible to evaluate the effective
reduced modulus.

,,,,

The purposo of this itivesti’gation was to study the
lateral stability of equal~flan~ed I-beams .su.3jected to
pure bending with the ends of the beams restrained against
bending in a lateral direction. The tests were such as to
produce lateral buckling in both the elastie and the plas-
tic range of the material and are intended to serve as an
experimental check of the correctn”e~s and the adequacy of
the theoretical solutions of the problem.

MATERIAL

A cross section of the special extruded 27Sg I-section
employed f%~ this investigation is shown in figure 1. Both
nominal and average measured dimensions are given. Section
elements based on the averaqe measured dimensions aro also
given in this figure. Aluminum alloy 27ST was chosen for
this investigation primarily because experience has indi-
cated that there is no approciahle difference between its’
tensile and compressive yield strength, and secondly be-
cause of its relatively wide elastic range. Tensile tests
wQfiG made,on specimens cut from the flanges and the web of
each beam and the compressive stress-strain characteris-
tics of the material were determined hy pack compression
test’s (reference 5) On specimens cut,from tho flanges of
the loams. The results of these tests are shown in ta%lo
I. In general, the proportion ~ro typical for 27ST hnd
there is no :reat diff.er~nce between the tensile and.the
compressive yield strengths of the flar&?e material, the

4-
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average value for compression being less than 4 percent
greater than that for tension.

DESCRIPTION OF TESTS

The I-sections were tested in pairs as beams in a
40,000-pound bapacity Amsler testing machine as illustrat-
ed in figure 2. ~’For all tests the horizontal distance be-
tween the ‘supports and the point of application of load.to
the specimens was 12 inches and, consequently, for any
load the bending moment in each beam (in in.-l%) was equal
to three times the load. The ends of each pair of beams
rere laterally restrained by me-s of the end. restraining
frames shown in figure 3. 3oth top and bottom flanges of
the beams were %olted to the plates. In order to obtain
the maximum possible restraining action, the flanges of”
each beam were filed to a li~ht tap fit in grooves in the

-—

steel plates. The laterally unsupported length of the
teams ranged from_18 inches to 88 inches. Vertical de~lec-
tions were measured by means of a mirrored scale attached
to the web of each beam at the niddle of the span, and a
taut wire attached to pins On the neutral axis at the ends
of the laterally unsupported length. Lateral deflections
were measured in a similar manner except that the mirrored
scales were attached to the top and the bottom flanges of
the beams.

The stresses developed in the flanges of the beams ~
were measured with Huggenber.ger tansiometers mounted as
shown in fiqure 2. These instruments were removed before
the beams mere loaded to failure. In al~-,cases loading
was continued until a definite maximum value had been
reached, as indicated by a falling off of the load despite
continued. movement of the head of the testiug machine-

.

RESULTS AND DISCUSSION .

Table 11 shows the maximum loads and critical stress-
es at failure. All the specimens tested failed by lateral
buckling as illustrated by fi.qure 4. Typical load-deflec-
tion curves for long- and short-epan learns are shown in
figures 5 and 6-s, In the case of the long-span %eams, defi-
nite lateral deflection of the compression flanqes occurred
at relatively low loads and increased gradually until fail-
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ure occurred, For the short-span specimens the lateral
deflection of the compression flanges .tvas.r.elati*ely small
even at loads only slightly low”er than the mafimum” Even L
for the shortest span length there was no marked deviation
of the vertical deflection from a linear relationship with
load. . ..

Figure 7 shows a comparison between the measured and
the computed stresses for the speoimen havinq a laterally
,unsupported length of 33 inches. Because the stresses
were measured on the edge’s of the fla”nges, the computed
stresses are for locations 1/16 inch from the outer fibers.
For this particular test the measured stresses were within

.-

3 percent of the computed stresses. This agreement bettveon
tho computed and the measured stresses indicates that the
actual moments applied to the specimens were in very good
agreement with the moments calculated from the applied
loads.

Within the elastic range of the material the critical
stress for’s symmetrical aluminum-alloy I-beam subjected
to pure bending in the plane of the web may %e expressed
as (see reference 3)

s 19800000
cr = It [J(KL)a + 6.58 Ith2]

(KL)g2
(1)

where

s cr critical stress, 1% per sq in.

K fact-or denoting end restraint (K = 1 -when
ends are:not restrained against lateral
bending,, and K = 1/2 when lateral re-
straint at ends is complete).

. . L laterally unsupported length of beam, in.

z section modulus of beam about principal axis
normal to web, in.3.

It moment of inertia of beam shout principal axis
in web, in.4.

J ‘torsion factor, in.~. .

h depth of beam, in. ‘ .
.,”

.- -

-.
●
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4E x.
(2)

—

If the critical moment (Mcr) produces stresses be-
yond the elastic limit of the material, the lateral stiff-
ness of the %eam is no longer equal to the product of the
elastic modulus (E) and the moment of inertia (II) but
may be represented by the same expression provided that-
E is replaced by ER , a reduced modulus value depending
upon the magnitude of the stress. It has been shown that,
for rectangular bars su%jected to uniform compressive
stresses shove the elastic limit, the value of ER can be

expressed as (reference 2, p. 156)

where .- —

II elastic modulus of material, lb Per sq in.
and

ET tangent modulus (slope of stress-strain CUrP8)
corresponding to the average compressive

stress, lb per sq in.
. . —

—

If it” is assumed that the ,f~anges o-f an I-section
loaded as a beam act as rectangular bars under uniform
stress equal to the extreme-fi%er stress, the foregoing
expression four ER should be applicable~ without serious
error, in the’ determination of tho lateral flexural stiff-
ness of an I-beam stressed above the elastie limit of the
material . If it is further assumed that the ratio between
the shear rnO~UIUS and the bending modulus remains unchanged,
an approximation of the critical btress for an I-beam sul)-

jected to pure bending may be obtained by multiplying the
right-hand side Of eqution (1) by the ratio ~R~E Where

lk~ corresponds to i:he value: of the” critical str~ss” ob-
.—

tained and 3 is the e“lastic modulus of the material.
The ri~ht-hand side of equation (I) may. arbitrarily be
called the stability factor (B). The critical stress for
buckling beyond the elastic range may then be expressed

-(3)

Figure 8 shows a compressive stress-strain curve for
the 27ST material tested and the reduced modulus curve de-
rived from the stress-strain curve. The- stress-strain
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curve shown is the avernge curve o%tained. from pack com-
pression tests of spo,cimons cut from the flanges of sev-
eral beams~ Figure 8 also shows “the ratio of the reduced
modulus (ER) to the olasti.c modulus (E), plotted
against the stress-

Fiqure 9 shows a tensile stress-strai~. curve and the
corresponding red,uced mo”dulus and ratio of reduced modu-
lus to elastic modulus curves for_the,27S!I me,t”eriil”. A’s
for the compression tests, the tensile stressristrain curve
shown in figure 9 is an average curves A comparison of
figure 8 with fi~ure 9 reveals that, except for stresses
a%ove 52,000 pounds per square inch~ there was no signifi-
cant difference between tho tensile and the compressive

stress-strain characteristics of the material. J?or the

sake of simplicity, however, all computations in which the
value of ER is involved have been %ased on the values
obtained from the compressive data (fig. 8).

-.

In caees of buckling at stresses beyond the.elastic
range, the approximate critical stress may be determined
by means of the equivalent slenderness ratio method. (See ;Z
reference 6.) In this method the stability factor (B)
of an I-beam is expressed in terms of an equivalent slen-
derness ratio and the critical stresses are then taken

-.

from a column curve constructed from the compressive streS6-
W

strain curve for the material. The critical stress for an
aluminum-alloy column, where the stress does not exceed
tho elastic limit, may .%e expressed as

s 101660000’ a
cr ‘ ‘–—

(xL)- r
(4)

where r is the equivalent radius of $yrat$on. E~uating
equations (1) and (4) and solving for the equivalent- ;”fid~us

of gyration gives
..

r
rd

o 195= —A_— 11 [J(KL)8 + 6.58 Izha] (5)
z’

This equivalent radius of gyration, used with the equiva-
lent length (KL), gives the equivalent slenderness ratio
(KL/r).

I?iqure 10 shows the column curve constructed from the
compressive stress-strain curve given in figure 8. In
figu’re 10 the intercept was obtained from the expression
(reference 7)

L.

.



NACA Technical Note No. ~?6”- -7”

-*.

4

,.-. .-:, .

(
,,-

)‘1 +::s-~.-s.
-.

e = Y. S”.
200,000

“ (6);. ,.. .,

where .,,-. ,
— -—-—..— —,. .. -- ,,

e intercept. ~ ,“ —.—

and :.

Y*S. yield 6trength o’f’material (off Set,
0.2 percent). ..

...-

The stra’i.ght-line portion of the curve was drawn from this
intercept tangent .to the Euler curve.

In figure 11 calculated values of criti-cal stress cor-
responding to various u~~upported lenqths of the section
tested have been plotted. These value-s were obtained-by
solving equation (1) after the substitution of appropriate
values of unsupported beam length and a value of K =.l/2.
The curve represents elastic action. For stresses greater
than 42,000 .pounds per sq~re inch the curve has no signif-
icance as fi.gure,8 shows plastic action occurs when the

-.—-

stresses exceed this value. In figure 11 the experimentall-
y determined values of critical buckling stress have also
been plotted against their corresponding unsupported
lenqths; Throughout this report it’ should be borne @ _-
mind that the expression, critical stress (Scr), signi-
fies the critical bending moment divided by the section
modulus of the section, Within the elastic limit of the
material the critical stress is obviously equal to. the ac-
tual extreme-fiber stress but, for stresses beyond the
elastic limit of the material, the critical stress o%-
tained by dividinq the critical moment by the section mod-
u~US would be slightly higher than the actual extreme-fi-
ber stress. From an inspection of figure 11, it may pe
seen that all the experimentally determined va”lues of crit-
ical stress fall below the theoretical curve. Evidently,
the theoretical curve could be brought into good agreement
with the experimentally determined values of critical
stress by the use of K values slightly greater than 1/2
in equations .(1) and (3). In other words, in figure 11
the deviation of the experimentally determined values of”
critical stress from the theoretical values. indicates that
the ends of the ‘beams were not completely restrained “-
against lateral bending.

In order to determine the degree of end fixity of the
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beams tested, the experiment ally+ etermi.ned values of
critical stress (which did not exceed the elastic limit Of
the material) and the corresponding values of unsupported
length were substituted in equation (I) and the equation
was solved for K. The curve of K values shown in fiq-
ure 12 has been extrapolated so as to indicate the pro%-
able value of K for those specimens whose critical stress
was beyond the elastic limit of the material. Based on
the values of..end-fixity factor K shown in figure 22,
the degree of end fixity was about 4 percent less than
complete for the longest laterally unsupported len~th and
about 19 percent less than complete for the shortest lai-
erally unsupported length.

l?iqure 13 shows the relation between the experimen-
tally determined values of critical stress, for those
tests in which ~uckling occurred in the plastic range, and
corresponding calculated values. According to ftgure 12,
the degree Of end fixity varied with the unsupported length
of the beam. In figure 13, critical stress has been plot-
ted aqainst stability factor (3) since this factor con-
tains loth variables K and L. Two curves are shown rep-
resenting calculated values of critical stress; one is

obtained by multiplying the sta%ility factor by the modu-
lus ratio (E~/E ), the other is determined by the equiva-
lent slenderness ratio method, using the column curve
shown in figure 10. When the points representing the test
results were plotted, the stability factor (B) corre-
sponding to a given test was determined on the basis of
the unsupported length of the learns (L), and the corres-
ponding K value was taken from figure 12. Obviously
the agreement betmeen the experimental results and the
ca.lculatod curves is meaningless for critical stresses
within the elastic range, since the K values used in
evaluating the sta%ility factor were determi.ne,d from the
test results. For the short learns, however, which %uck-
led at stresses in the plastic range, the K values were
determined tndeFendently of the corresponding test results.
ri~ure 13 indicates that the stresses computed from ex-
perimentally determined values of critical %endSng moment
agreed very closel:y with those calculated according to
equation (3). The exp.erirnental~y determined values are
hi%her than those ind:cated by the use of the equivalent
slenderness ratio method. For critical stresses in the
vicinity of the yield strength, this difference is shout
20 percent.,

r

4
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jj’ig~re~ 14, 15, and 16 are typical plots of the rela-
tion between the loads aad”the lateral deflections plotted
according to the Southwell method. (See reference 8.)
The method consists in plotting the applied load against
the ratio of load to correspon~ng lateral deflection. If
loads are used which are within the elaetic range, the plot
thus obtained shotia be a straight line intercepting the
load axis at a value equal to the critical load. This meth-
od of plotting such data was suggested. hy Southwell in 1932
(refOrenCe 8) for the case of round end columns. It has
been pointed OUt by Donnell (reference 9, pp. 27-38) that
this method is also applicable to other types of stability
problems. The results of the Southwell plots of the data
obtained in this investigation ,denonstrate the applicabil-
ity of the method to the case of the lateral buckling of
beams . In table III it can be seen that the values for
critical load determined from the Southwell plots agree
very well with fhe experimentally determined values. In
figures 14 and 15 the plotted points correspond to loads
within the elastic r’ange and, consequently, the intercept
on the vert~cal axis indicates the value of the critical
load, assuming elastic Imckling. In the case of the 28-
inch unsupported length (fig. 15), however, the load at
which buckling occurred produced stresees slightly above
the elastic ranqe, which accounts for the difference be-
tween the crftica~ load values shown for this span length
in table III. It may he noted. in table III that the crit-
ical load values determined from the Southwell plot for
the shortest span lengths (18 in. and 23 in.), agree very
well with the test results. The plotted points from wh~_ch
the critical load values mere obtained for these two cases
were for loads beyond the elastic range. In such a South-
‘woll plot the critical load corresponds to the highest
Pofn* on the curve. (See reference 9, p. 36.) There is
no th~oretical reason, why tn such a plot the points for
loads beyond the elastic range should fall on a straight
line. In figure 16, however, a straight line appears to
be a good approximation for the curve in this region. The
scatter among the points corresg_onding,to low loads in
figures 14, 15, and 16 results largely from the inaccura-
cies in the measurements of the small lateral deflections
occurring at these low loads. — —

Referrinq to table III, it will be noted that there
was considerable difference in the value of the critical
load determined from a Southwell pIOt for an unsupported
span lon.gth of 38 inches, depending on whether the atierage
lateral deflections or the ~atieral deflections for the



south %eam were used. Per. sqme,:~eason, such a,s initial
crookedness or unequa-1 di’str~bu%iozc of load, the. south
beam buckled first. In ,,sucbw case t’helother learn would
fail immediately. ‘ ‘ , “ :

.,.

C&~LTIS&.S’ ,.
,, ,4,.,,,.

,
—.

From this study of-the ,ls.teral stability of equal-
fla~qed I-beams su-ejected to pure bending, the f.OIIOwing
conclusions have been drawn,: .

,,
,..

1. Despito the precautions taken, cgmpl.et’e.lateral
restraint of the ends of the beams ~a”s.no,t achi.cved. Tor
the lonqest specimen tested, the d~qree of end fixity was
about 4 percent loss’t~an complete; Whereas for the. short-
est specimen tested, the degree of end. fixi.t.ywas about.
19 percent. less than .complete.

2, The critical stress at which eqhal-flanged alumi-
num I-fieams subjected to pur’e.be”nding ‘%ecome ~Stable may
be determined from the. equation :; -w

s
~ 19800000

cr=a It [J(KL)2 +’6.58 Itha]”
(KL)d2

In both the elastic and the plastic r.an~es of the material
the values of critical stress calculated by means of the
foreqoiqg equation were in good a~r.cement with the values
computed from experimentally determined critical bending
moments.

3. Approximate values of critical stress, as deter-
mined by the” equivalent slenderness ratio method, werq”
about 20 percent lower th~,n the values o%tained experim-
entally, when buckling oc’curred at stresses near the
yield strength of. the matori”al.

4; Values of critical load determined by Southwoll
plots of’ the load-deflection data were in gOOd agreement
with”%ho’ experimentally doterained v~lues of critical
load. This agreement demonstrates the applicability of
the nethod t.o the case of lateral buckling of beams.

Aluninun Conpany of America, ,.
~luninum Research Labor.ntorios,” ‘ “ ,.

New Kensington, Pa., March 26, 1940,

. m
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TA3LE I

MECIDiNICALPROPERTIES 0F2’7STEXTRUDED I-BF4.McSECT.ION NO. K11867

——

Beam
marked

A

B

c

D

E,.

I’

G

H

1

J

K

L

M

Average

I!ensilestrength

(lb/*q in.)
.—
Flange

62,690

62,420

63,330

62,640

62,850

60,320

63,280

63,660”

63,220

64,090

62,8’70

61,640

62,550,
——
62,X35

Web

60,790

61,1?0

62,010,,

61:280

61,030

58,3W

61,980

62,720

62,500

62,140

61,430

61,390

60,810

61,350

(p*T’ NO. 040838-c)

Tensile”yield stre&th
(Offset.= Q02 percent)

(lb/sq in.)

Fla&e
———

54,400‘

53,660

54,800

54,500

54,500,

51,400

54,500

54,800,.

54,800

54,400

54,200

53,100

54,200

54,100

. ‘Web

52,700 ‘“
‘.

51,900,

53,400
,’
52,800

52,500

49,100.”“

53,100

54,300

53,800 .

53,200

52,800

53,200

52,300

.-

I

‘Compressiveyield strength
~(Offset =0.2 percent)

(lb/sq in.)
—

Flange

‘56,500

,,

.,

. .

,..

:,.

55,400

56,800

55,000

56,900

52,7Q0

56,C00

57,100 .

5G,500

57,000 ,

56,400

56,900

56,000

56,150

.

.
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Test
No ●

——-
1-
2

3

4

5

6

7

~.

9

10
-——

span
length

(in. )

NACA Technioal Note No. 770

114

~()~

94

84

74 s

64

59

54

49

44
——

TABLE II

SUMMARY OF TEST RESULTS

———_ —

Laterally
unsupported
length, L

(in.)
.—

88

78

68

58

48

38

33

28

23

18

———=— ———

Maxi mum Maximum
applied applied
“load momenta
(lb) (in.-lb)

-————. .———————
1,800 5,400

2,18!5 6,555

2,733 8,199

3,455 10,365

4,585 13,755

7,000 21,000

8,590 25,770

10,280 30,840

11,900 35,700

12,840 38,520

.—

Critical
stressb,

(1%/sq in. )
——-—— -——---

7,800

9,420

11,780

14,890

19,760

30,170

37,020

44,300

51,330

55,300
————-— ——

aThe applied moment is three times the applied load. —.——

‘The critical stress, Scrt is the criti~l moment, M=&,
divided. by the section modulus, Z.

—,
—

,-
.

,,
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TABLE III

COUFARISON OF AcTTJAL CRITICAL LOAD AND VALUXS OF

CRITICAL LO.4D DETERMINED FROM SOUTHWELL PLOT

-———————.

Laterally
unsupported

length
(in.)

.--— --—-— ~—

88

78

68

58

48

38

33

28

23

’18

Ol? LOAD-DEFLl!lCTION DATA
-—--——-—---—.-—-——

Critical load
from

Southwell plot
(lb)

---— ---————--—-— — -.

1,800

2,180

2,800

3,580

4,750

7,750 (7,200)a

8,800

ll,800h

11,600C

12,600C

aThe value of 7200 ~ounds was determined

.- —-—.

Actual
critical

load
(1%)

1,810

2,185

2,733

3,455

4,585

7,000

8,590

30,280

... . 11;900

12,840
.——-- —-

:rom load-
deflection data’~or only south beam. All other values
are based on the average data for north and south beams,

bValue based on lateral deflections within the elastic
range.

cValue based on lateral deflections beyond the elastic
range~

. .

*
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Nominal Average measured

b 1-3/8 1.385
h 4 3.598
tw 5/64 ,0806
tf 3/32 .0969

Saction elements based on average dimensions

Moment of inertia of flange-s,IL, about axis Y-Y =.04295 in.4
11 1! II 1? , I, about axis X-X =

i
1.3916 n.4

Section modulus, Z, about axis X-X = .6962 in.
Torsion factor, J = .0015382 in.4

Figure l.- Nominal and actual dimensions and section elements of
extruded I-section,
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Method of Supporting and Loading Beams
in 40 000-Pound Capacity Amsler Testing Machine

Figure 2. a
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Figure5.-Verticaland lateraldeflectioncurve6 for beam teak of I-beam K-11867.
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Figure 7.- Comparisonof measuredend computed stressesfor beqn test of I-been section
K-11867.
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Figure 8.-
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Compressivestress-strainand stress-moduluscurves for 27S-T I-beam
sectionK-11867.
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Figure 9.- Tensile stress-strainand stress-modulusourves for 27S-T I-beam
sectionK-11867.
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Laterallyunsupportedlength of beam, in.

Figure 11.- Critical stress-unsupportedlength ourve for beam test of I-beam
sectionK-11867.
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Figure 13.- Critioal stress for 27S-T I-beameunder pure bending.
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Figure 14.-Determinationof criticalload by Southwellmethod..Unsupported‘
length = 88 inches.
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Figure15.-Determination of critical load by Southwell method.
Unsupported length = 28 inches.
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